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Lecture 12

Covariant Formulation of CED ·

· Recap (Lorentz transformations ,
4-vectors)

(Add Poincare group]

· Addition of velocities
,
interval

· Transformation of Pand F
,

A

Lorentz inv
.
and Maxwell equations

· Field strength tensor Fur , gange
inv.

· Covariant form of
Maxwell equations
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Recap :

10
= m = (3)

Yr = Yixi = ( - xi
,

x
,x ?x

xi = c+ change
notation
t

H = + coshx + sinhy 3 Lorentz

XI = XI ashx + at sink x boost

xr= 1x0
· Xi = DrX ,

111 yes = gro = yes
-> Invariant

Poincare : translations + Lorentz

1 1 1 1 11

= 10
,
102 10 1 i2 is 123

(order matters
Objects with contracted indices in variant

cor . uS inv .>



we treat On as an object with

lower index: Or

↳ TrMe Lorentz inv=
-

Lorentz transform : xm = 10 XP

Addition of velocities

ct = c+ cosh X + X sinhy

&XI = XIsh + at sinkyxz = xz

Xz) = Xz

y =0 = c = -

x+=0 => c = - Y



ets at (xz0) 10

xo

V -

....... l
- x(t =0

-
-
-

>

y=0 = X = -c

- (changed motationa

= (foost) 821

ct'= v(c+ -Bx)

x = ((X - Bct)
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ct==p (particle

I
-

-
-

trajectory)

↑~
-

>

whatisthevelocityotheeenence frame?
xz
,

+
z + Xa

,
+z

Xa
,
+a Xy

,
te

=
=pU

[2
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vp = => up = c !

Interval

s = - Ext + (5)" = xx +Xr

I &a
-

>

· interval corresponds to the "internal :

or proper time of the object

· Time inside the objects moving with

some speed seems he be sloweddown

when observed from the outside



13

so = time-like interval /signal
can reach (

530 = space-like internal (signal
cannot reach (

s0 = mull interval-lightcome

#



Transformation of P and#
Lorentz inv

.
and Maxwell equations

First
,
let us study Galilean

transformations of the charge
density and current density: +H! ) , (H),x)

-

P( ,5) + p'(t) ,Y) = p(,z)

-( ,x) +5(t , x)+ (t
,x)

this looks like a 4-vector

transformation

+ - += t =
* +X=+ t

(Cp ,5) = J"-n-vector-valued

dunction : 31(XM)



It is natural to expect that
I

it transforms as alour-vector
under fill relativistic transformations :

51(x2) -> 158(X8))

Change conservation is Lorentz in :

& 34 = pap + 5 = 0

↳
To maintain Lorentz invariance

·P
,
CE) should also transform

as a n-vector : A"(x *)



different people ! 5

Lorengange condition is also

Lorentz invariant:

Grt" =0 =-

Gange symmetry is Lorentz covariant :

Al = (PcA )
Ar-Ar + c Ord

+- - dis
So we demonstrated full Lorentz
invariance of Maxwell equations.

Now we will derive the covariant form

of Maxwell equations also in terms

of E and i (it will be very nice !)
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Field strength tensor Fur , gauge
invariance

So far we had :

A" - Lorentz covariant
,

but not

gange invariant

E
, B-gauge inv, but not

Lorentz covariant

We will now introduce a new

object , called field strength tensor
Calso known as Maxwell tensor] which

makes20th gange
invariance and

Lorentz symmetry manifest .

It will be the most compact formulation
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MBefore wa do that let us discuss
the distinction between

gauge symmetry
(invariance) and usual symmetry :

Usual symmetry /Lorentz
,
translation,

reflection ... (

↓
Transforms a solution of equations
into a different solution[can be

distinguished]

Gange symmetry (An-An + Ond)

↓
Transforms a solution into physically
identical indistinguishable solution

.

/&
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Back to field strength :

FrodrAp-dptr

Fur is a tensor (uxy table of numbers]

it is antisymmetric :

Fro = -Fir

We can raise and lower indices with

700 : Fro = grey ex For

Fro transforms under Lorentz as

a Lorentz tensor :

Fro -> In
* 10 Tpy(X* (x)

X - Xa = 10x0
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Fri is gauge
invariant :

Art Art Ord

Fro-GrAi + Groid-
- drAr-didr2 = Fid

· Now let us find the relation
between Fro and E and B :

remember that

=Ex
,

E=-P-G5

An = (0
,
c) + Ar = (P , c)

Foi = 10
,
12+ P,+P

,

13 + 039) =
= (0

.
- Ex

,
- Ey

,

- Ez)
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Fij - ? Let's check

F21 = &As - a ds Az

Bs = E32i02A , + 3312 Os An =

=
- O2As + &1 Az =

Frl = -CB3
.

Check other components
to see :

Fro

M2o- 0 .

ExceI ( (Anti-sym ,



Covariant form of
Maxwell equations

"

Let's remember Maxwell equations :
--

-. E=
Or in Greutz gange

=not trE ↳ P = 3
--

XXE =-

- -
of

↳

7To B =

First two equations take a very
simpleforms

& Fri=-M

It's simplest to deck in Lorentz

gange :
DrA -

3
6↳= 5 14=-)
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But (4) is gauge
invariant

,
so it

is true in every grupe

Two other equations can be written

as

gript u For = o

where guipt is a 4-dimensional

analog of sijh I fully anti-symmetric
tensor) ,

go1zs = 2

Again , if we substitute

Fro = OrAo-dP An then obviously

aripuld As-didsAp) t

But it is a non-trivial constraint

on Fid if we don't use .

A



grips transforms like a tensor

under Lorentz
.

One can

check that it is actually invariant

gripe' - gripo


